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I. INTRODUCTION
Neutrino physics is a very active area of research which involves some of the most intrigu-
ing problems in particle physics. The nature of neutrinos and the origin of the small mass
of neutrinos are two examples of these kind of problems. Since neutrinos are electrically
neutral, the nature of these elementary particles can be Majorana or Dirac fermions. The
first possibility, i. e. neutrinos being Majorana fermions was introduced by Etore Majorana
[1] when he suggested that massive neutral fermions with specific momenta have associated
only two helicity states implying that neutrinos and anti-neutrinos are the same particles.
The second possibility implies that Dirac neutrinos are described by four-component spino-
rial fields which are different from spinorial fields describing anti-neutrinos. In this work,
we will consider neutrinos as Majorana fermions which is favored by simplicity because they
have only two degrees of freedom [2, 3].
Direct and indirect experimental evidences show that neutrinos are massive fermions with
masses smaller than 1 eV [4]. The most accepted way to generate neutrino masses is by mean
of the seesaw mechanism [5]. Mass for neutrinos is a necessary ingredient to understand
the oscillations between neutrino flavor states which have been observed experimentally
[4]. Neutrino oscillations are originated by the interference between mass states whose
mixing generates flavor states. This phenomenon means that a neutrino created in a weak
interaction process with a specific flavor can be detected with a different flavor. Neutrino
oscillations were first described by Pontecorvo [6] as an extension for the leptonic sector of
the strange oscillations observed in the neutral Kaon system. Neutrino oscillations can be
described in context of Quantum Mechanics [7]-[11] as an application of the two level system
[12].
Description of neutrino oscillations in the context of Quantum Field Theory (QFT) is a
very well studied topic [13]-[19]. In the literature it is possible to find two kinds of QFT
models describing neutrino oscillations: intermediate models and external models [16]. In
the framework of intermediate models Sassaroli developed a model based in an interacting
Lagrangian density which includes the coupling between two flavor fields [20, 21]. This
model was framed by Beuthe as a hybrid model owing to it goes half-a-way to QFT [16].
Sassaroli model was first developed for a coupled system of two Dirac equations [20] and then
it was extended for a coupled system of two Majorana ones [21]. The probability amplitude
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of transition between two neutrino flavor states for these two systems [20, 21] was obtained
starting from flavor states which are used on the standard treatment of neutrino oscillations.
The standard definition of flavor states can originate some possible limitations in the
description of neutrino oscillations as was observed by Giunti et al. [22]. Specifically, in
reference [22] it was shown that flavor states can define an approximate Fock space of
weak states in the following two cases: (i) In the extremely relativistic limit, i. e. if
neutrino momentum is much larger than the maximum mass eigenvalue of a neutrino mass
state; (ii) for almost degenerated neutrino mass eigenvalues, i. e. if the differences between
neutrino mass eigenvalues are much smaller than the neutrino momentum. The first case
leads to the standard definition of flavor states. The second case has associated a real
mixing matrix which is restricted to a specific interaction process. Additionally these authors
have proposed that oscillations can be described appropriately for ultra-relativistic and non-
relativistic neutrinos by defining appropriate flavor states which are superpositions of mass
states weighted by their transitions amplitudes in the process under consideration [22].
By considering the limitations mentioned in the last paragraph it was set down by Beuthe
in [16] that Sassaroli hybrid model can only be applied consistently if lepton flavor wave
functions are considered as observable and the ultra-relativistic limit is taken into account.
On the other hand, the Sassaroli model describing Majorana neutrino oscillations [20] was
developed without considering the four-momentum conservation for neutrinos which implies
the existence of a specific momentum for every neutrino mass state.
The main goal of this work is to study neutrino oscillations in vacuum between two flavor
states considering neutrinos as Majorana fermions and to obtain the probability densities of
transition for left-handed neutrinos (ultra-relativistic limit) and for right-handed neutrinos
(non-relativistic limit). This work is developed in the context of a type I seesaw scenario
which leads to get light left-handed and heavy right-handed Majorana neutrinos. In this
context, we perform an extension of the model developed by Sassaroli in which the Majorana
neutrino oscillations are obtained for the case of flavor states constructed as superpositions
of mass states [20]. Our extension consists in considering neutrino mass states as plane
waves with specific momenta. The model that we consider in this work, which is devel-
oped in the canonical formalism of Quantum Field Theory, has the advantage that in the
same theoretical treatment it is possible to study neutrino oscillations for light neutrinos
and for heavy neutrinos. To do this, we first perform the canonical quantization proce-
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dure for Majorana neutrino fields of definite masses and then we write the neutrino flavor
states as superpositions of mass states using quantum field operators. Next we calculate
the probability amplitude of transition between two different neutrino flavor states for the
light and heavy neutrino cases and we establish normalization and boundary conditions for
the probability density. These probability densities for the left-handed neutrino case after
the ultra-relativistic limit is taking lead to the standard probability densities which describe
light neutrino oscillations. For the right-handed neutrino case, the expressions describing
heavy neutrino oscillations in the non-relativistic limit are different respect to the ones of
the standard neutrino oscillations. However, the right-handed neutrino oscillations are phe-
nomenologically restricted as is shown when the propagation of heavy neutrinos is considered
as superpositions of mass-eigenstate wave packets [23]. The oscillations do not take place
in this case because the coherence is not preserved: in other words, the oscillation length is
comparable or larger than the coherence length of the neutrino system [23].
The content of this work has been organized as follows: In section 2, after establishing
the Majorana condition, we obtain and solve the two-component Majorana equation for a
free fermion; in section 3, we consider a type I seesaw scenario which leads to get light left-
handed neutrinos and heavy right-handed neutrinos; in section 4, we obtain the Majorana
neutrino fields with definite masses, then we carry out the canonical quantization procedure
of these Majorana neutrino fields and we obtain relation between neutrino flavor states and
neutrino mass states using operator fields; in section 5, we determine the probability density
of transition between two left-handed neutrino flavor states, additionally we establish nor-
malization and boundary conditions and then we obtain left-handed neutrino oscillations for
ultra-relativistic light neutrinos; in section 6, we study the right-handed neutrino oscillations
for non-relativistic heavy neutrinos; finally, in section 7 we present some conclusions.
II. TWO-COMPONENT MAJORANA EQUATION
In 1937 Ettore Majorana proposed a symmetric theory for electron and positron through
a generalization of a variational principle for fields which obey Fermi-Dirac statistics [1].
When this theory is applied to a neutral fermion which has a specific momentum then
there exist only two helicity states. The Majorana theory implies that it does not exist
antiparticles associated to these fermions, i. e. Majorana fermions are their own antiparti-
4
cles. For convenience we study the equation of motion for neutral fermions but using the
two-component theory developed by Case in [24].
In contrast with a Dirac fermion, a Majorana fermion can only be described by a two-
component spinor. To show it we consider a free relativistic fermionic field ψ of mass
m described by the Dirac equation (iγµ∂µ − m)ψ = 0, where Dirac matrixes γ
µ obey
the anticonmutation relations {γµ, γν} = 2gµν and metric tensor satisfies gµν = g
µν =
diag(1,−1,−1,−1). Using the chirality matrix given by γ5 ≡ iγ0γ1γ2γ3, the left- and right-
handed chiral projections of the fermion field ψ are ψR,L =
1
2
(1± γ5)ψ, respectively. If we
write the Dirac matrixes projected on the chiral subspace as γµ± =
1
2
(1± γ5) γµ, we obtain
that the coupled equations for the chiral components of the fermionic field ψ are given by
iγµ+∂µψL = mψR, (1a)
iγµ−∂µψR = mψL. (1b)
We introduce the charge conjugation operation that will allow us to describe Majorana
fermions. The charged conjugated field (or conjugated field) ψc is defined as
ψc = Cˆψ¯T , (2)
where the charge conjugation operator Cˆ satisfies the properties Cˆ(γµ)T Cˆ−1 = −γµ, Cˆ−1 = Cˆ†,
CˆT = −Cˆ [3]. Using these properties we find that the conjugated field ψc obeys the Dirac
equation (iγµ∂µ−m)ψ
c = 0. As ψ describes a fermion with a specific charge, its conjugated
field ψc represents a fermion with an opposite charge and with the same mass, i. e. ψc
describes the antifermion of ψ. The Dirac equation for ψc should be projected on the chiral
subspace and for this reason it is necessary to remember that Cˆ(γ5)T = γ5Cˆ [3]. So the
coupled equations for the chiral components of the conjugated field ψc are
iγµ+∂µ(ψR)
c = m(ψL)
c, (3a)
iγµ−∂µ(ψL)
c = m(ψR)
c. (3b)
We observe that the chiral components of the fermionic field ψ under charge conjugation
(ψc)L, (ψ
c)R and the chiral components of the conjugated field (ψR)
c, (ψL)
c are related by
(ψL)
c = (ψc)R, (ψR)
c = (ψc)L, showing how the charge-conjugation operation changes the
chirality of fields.
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We define the Majorana condition by taking the fermionic field as proportional to the
conjugated field
ψ ≡ ξψc, (4)
where the proportional constant is a complex phase factor of the form ξ ≡ eiα which plays an
important role on applications of Majorana theory. The equality (4) implies that Majorana
fermions are their own antiparticles. Now the chiral components of the Majorana field satisfy
ψL = ξ Cˆψ¯
T
R, ψR = ξ Cˆψ¯
T
L . (5)
So we can write equations (1a) and (1b) in the form
iγµ+∂µψL = mξCˆψ¯
T
L , (6a)
iγµ−∂µCˆψ¯
T
L = mξ
∗ψL. (6b)
If we apply the Majorana condition (5) into the equations (3a) and (3b), we obtain equations
(6a) and (6b). Additionally we can observe that equations (6a) and (6b) are related to
themselves by means of a complex conjugation. In this way, we have gone from four coupled
equations describing a fermion and its antifermion to two decoupled equations describing
a left-handed chiral field ψL and a right-handed chiral field ψR. Due to the fact that the
right-handed chiral field can be constructed from the left-handed chiral field [24], as it is
shown in (5), now we have only an independent field given by ψL. For the last fact, we will
be able to describe Majorana fermion by means of field ψL which now has two components.
To verify this sentence we rewrite equation (6a) as
iCˆγ0γµ+∂µψL = mξψ
∗
L. (7)
If we define
ηµ ≡ Cˆγ0γµ+, (8)
and if we take φ ≡ ψL, then equation (7) can be written as
iηµ∂µφ = mξφ
∗, (9)
which is known as the Majorana equation. This equation in which a particle is indistinguish-
able from its antiparticle has two components because the matrixes γµ± are projected on the
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chiral subspaces of two components. The matrixes ηµ are called Majorana matrixes and
these should not be confused with the Dirac matrixes written in Majorana representation.
Now we are interested in knowing the kind of relations that Majorana matrixes ηµ obey.
So we first apply definition (8) into equation (6b) and we obtain −iηµ∗∂µφ
∗ = mξ∗φ, with
ηµ∗ = γµ−γ
0Cˆ. Then we apply −iην∗∂ν into (9) and we have η
ν∗ηµ∂ν∂µφ − m
2φ = 0 or its
equivalent 1
2
{ηµ∗ην + ην∗ηµ}∂ν∂µφ − m
2φ = 0, where we have used |ξ|2 = 1. Accordingly,
Majorana matrixes should satisfy relations ηµ∗ην + ην∗ηµ = −2gµν and then the field φ is
satisfying the Klein-Gordon equation given by (∂µ∂µ +m
2)φ = 0.
In this work we have taken a particular representation of matrixes ηµ which has permitted
us to write the two-component Majorana equation in the form given by (9). Now we can
consider a matrix A which satisfies the following relations [24]
Aσi∗A−1 = −σi, A = A† = A−1 = −AT , (10)
where σi represents Pauli matrixes in a given representation. We take ηµ = iσ2σ¯
µ, where
σ¯µ ≡ (I,−~σ) being I the unit matrix 2 × 2 and ~σ = (σ1, σ2, σ3) Pauli matrixes. Since σ2
satisfies properties (10), we have taken A ≡ σ2. So the equation (9) can be written as
iσ¯µ∂µφ+ imξσ2φ
∗ = 0. (11)
This equation is the well known two-component Majorana equation [25, 26], which will be
solved in next subsection.
A. Canonical quantization for Majorana field
With the purpose of studying the canonical quantization for the Majorana field we will
obtain the free-particle solution of equation (11). On the outset, we consider bi-spinors χ
which obey the following relations
~σ · ~p
|~p|
χh(~p) = hχh(~p), (12a)
−iσ2(χ
h(~p))∗ = hχ−h(~p), (12b)
where these bi-spinors correspond to helicity eigenstates. If we take the momentum in
spherical coordinates ~p = |~p| (sin θ cosϕ, sin θ sinϕ, cos θ), then the helicity operator has the
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form
~σ · ~p
|~p|
=

 cos θ sin θe−iϕ
sin θeiϕ − cos θ

 . (13)
We choose the following representation for these bi-spinors
χ+(~p) =

 cos θ2
sin θ
2
eiϕ

 , χ−(~p) =

− sin θ2e−iϕ
cos θ
2

 . (14)
We can prove that the following solution satisfies the two-component Majorana equation
(11)
φh~p(x) =
√
E − h |~p|
2E
χh(~p)e−ipx − h
√
E + h |~p|
2E
χ−h(~p)eipx, (15)
with px ≡ pµx
µ = Et−~p ·~x. We observe that Majorana field can be written as superposition
of positive and negative energy states.
The Lagrangian density which describes a free two-component Majorana field is given by
LM = φ
†iσ¯µ∂µφ−
mξ
2
(
φT iσ2φ− φ
†iσ2φ
∗
)
, (16)
where the two-component Majorana field φ and its conjugated field φ† behave as Grass-
mann variables. It is very easy to prove that the two-component Majorana equation
(11) can be obtained from the Lagrangian density (16) using the Euler-Lagrange equa-
tion. Additionally, we can obtain the following energy-momentum tensor from (16),
Tµν = φ
†iσ¯µ∂νφ − gµν
[
φ†iσ¯λ∂λφ−
m
2
(
φT iσ2φ− φ
†iσ2φ
∗
)]
. Following the standard canon-
ical quantization procedure, we now consider the Majorana field φ and its conjugated
field φ† as operators which satisfy the usual canonical anticonmutation relations given by{
φˆα(~r, t), φˆβ(~r
′, t)
}
=
{
φˆ†α(~r, t), φˆ
†
β(~r
′, t)
}
= 0,
{
φˆα(~r, t), φˆ
†
β(~r
′, t)
}
= δαβδ
3(~r − ~r ′), where
α, β = 1, 2. Using the Heisenberg equation for the Majorana field i∂tφˆα(~r, t) =
[
φˆα(~r, t), Hˆ
]
,
we can obtain its corresponding Majorana equation (11). By means of the energy-
momentum tensor it is possible to prove that the Hamiltonian operator can be written
as Hˆ =
∫
d3x
(
φˆ†i~σ · ∇φˆ+ mξ
2
(
φˆT iσ2φˆ− φˆ
†iσ2φˆ
∗
))
. The expansion in a Fourier series for
the Majorana field operator is [22]-[24]
φˆ(x) =
∫
d3p
(2π)3/2(2E)1/2
∑
h=±1
[√
E − h |~p| aˆ(~p, h)χh(~p)e−ip·x
−h
√
E + h |~p| aˆ†(~p, h)χ−h(~p)eip·x
]
, (17)
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where we have used the free-particle solution (15) and operators aˆ(~p, h), aˆ†(~p, h) which
satisfy the anticonmutation relations {aˆ(~p, h), aˆ(~p ′, h′)} =
{
aˆ†(~p, h), aˆ†(~p ′, h′)
}
= 0,{
aˆ(~p, h), aˆ†(~p ′, h′)
}
= δh,h′δ
3(~p − ~p ′). Then we can identify aˆ(~p, h) as the annihilation
operator and aˆ†(~p, h) as the creation operator of a Majorana fermion with momentum ~p and
helicity h.
III. MASSES FOR MAJORANA NEUTRINO FIELDS
The most accepted way to generate neutrino masses is through the seesaw mechanism.
In this section we consider a type I seesaw scenario which leads to get light left-handed
neutrinos and heavy right-handed neutrinos. For the case of two neutrino generations, a
Dirac-Majorana mass term is given by [27]
LM+DY =
1
2
N¯LCˆM
M+D
ν NL +H.c., (18)
where H.c. represents the hermitic conjugate term, NL is the vector of flavor neutrino fields
written as
NL =

 νL
Cˆν¯TR

 =

νL
νcR

 , (19)
where νL represents a doublet of left-handed neutrino fields active under the weak interaction
and νcR represents a doublet of right-handed Majorana neutrino fields non active (sterile)
under the weak interaction. These doublets are given by
νL =

νeL
νµL

 ; νcR =

νceR
νcµR

 . (20)
In the Dirac-Majorana term (18), MM+Dν is a 4× 4 non-diagonal matrix of the form
MM+Dν =

M ′L (MD)T
MD M
′
R

 , (21)
whereML,MR andMD are 2×2 matrixes. The vector of neutrino fields with definite masses
nL can be written by mean of a unitary matrix U
ν
L as follows
NL = U
ν
LnL, (22)
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where nL has the form
nL =

n1
n2

 =


ν1
ν2
ν3
ν4

 . (23)
The unitary matrix UνL is chosen in such a way that the non-diagonal matrix M
M+D
ν can be
diagonalized through the similarity transformation
(UνL)
−1MM+Dν U
ν
L =Mν , (24)
where Mν is a diagonal matrix which is defined by (Mν)ab = maδab, where a, b = 1, 2, 3, 4.
The masses of the neutrino fields of definite masses νa are ma, with a = 1, 2, 3, 4.
The seesaw scenario is established imposing the following conditions into the matrix (21):
M ′L = 0, (MD)kj ≪ (M
′
R)kj, thus the matrix M
M+D
ν is diagonalized as
(UνL)
−1MM+Dν U
ν
L =

Ml 0
0 Mh

 , (25)
where Ml is the light neutrino mass matrix and Mh is the heavy neutrino mass matrix. If
the unitary matrix UνL is expanding considering terms until of the order (M
′
R)
−1MD, the
light and heavy neutrino mass matrixes can be written as
Ml =

m1 0
0 m2

 ; Mh =

m3 0
0 m4

 . (26)
The Dirac-Majorana mass term (18) can be written in terms of the neutrino fields of definite
masses νa as
LM+DY =
1
2
n¯1CˆMln1 +
1
2
n¯2CˆMhn2 +H.c., (27)
where the matrixes Ml and Mh are given by (26) and the doublets n1L and n2L are written
as
n1 =

ν1
ν2

 ; n2 =

ν3
ν4

 . (28)
The neutrino fields of definite masses ν1 and ν2 have associate respectively the light masses
m1 ∼ m
2
e/(f11vR) and m2 ∼ m
2
µ/(f22vR) and the neutrino fields of definite masses ν3 and ν4
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have associate respectively the heavy masses m3 = f33vR and m4 = f44vR, where vR → ∞,
fab are Yukawa couplings, me is the electron mass and mµ is the muon mass.
As it will be shown in the next section, starting from the Dirac-Majorana mass term
LM+DY =
1
2
ν¯LCˆMLνL +
1
2
ν¯cRCˆMRν
c
R +H.c., (29)
where νL and ν
c
R are the flavor doublets of non-definite masses given by (20), while ML and
MR are 2× 2 non-diagonal matrixes, it will be possible to obtain the Dirac-Majorana mass
term (27) after the diagonalization of the matrixes ML and MR.
IV. MASS AND FLAVOR NEUTRINO STATES
In the next we suppose that the Majorana fields νeL and νµL describe the active light
left-handed neutrinos that are produced and detected in the laboratory, while the Majorana
fields νceR and ν
c
µR
describe the sterile heavy right-handed neutrinos which there exist in a
type I seesaw scenario.
In the section (II) we have presented a lagrangian density (16) which describes a free
Majorana fermion. This lagrangian density can be extended to describe a system of two
flavor left-handed neutrinos and two flavor right-handed neutrinos with non-definite masses.
Using the Dirac-Majorana mass term given by (29), the lagrangian density describing this
system is given by
L = ν¯Liσ¯
µ∂µνL + ν¯
c
Riσ¯
µ∂µν
c
R −
1
2
ν¯LMLiσ2νL −
1
2
ν¯cRMRiσ2ν
c
R +H.c. (30)
where the non-diagonal mass matrixes ML and MR are written as
ML =

 mνeLeiδ1 mνeLνµLei(δ1+δ2)
mνeLνµLe
i(δ1+δ2) mνµLe
iδ2

 , (31)
MR =

 mνeReiδ3 mνeRνµRei(δ3+δ4)
mνeRνµRe
i(δ3+δ4) mνµRe
iδ4

 , (32)
We observe that the form of the matrixes ML and MR is the same. In the next, we will
restrict to the left-handed Majorana neutrinos, but the results are directly extended to the
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right-handed Majorana neutrinos. From the Euler-Lagrange equations we obtain that the
coupled equation of motion for the flavor left-handed neutrino fields νeL and νµL are
iσ¯λ∂λνeL = −imνeLσ2e
iδ1ν∗eL − imνeLνµLσ2e
i(δ1+δ2)ν∗µL , (33a)
iσ¯λ∂λνµL = −imµLσ2e
iδ2ν∗µ − imνeLνµLσ2e
i(δ1+δ2)ν∗eL , (33b)
respectively. We observe that flavor neutrino fields are coupled by means of the parameter
mνeLνµL . With the purpose of decoupling the equations of motion for the flavor left-handed
neutrino fields, now we consider the most general unitary matrix UL given by
UL =
1√
1 + Λ2L

ΛLe−i δ12 e− i2 (δ1+αL)
−e−i
δ2
2 ΛLe
− i
2
(δ2+αL)

 , (34)
where the phases e−iδ1 and e−iδ2 appear as a consequence of the Majorana condition (5).
The definite-mass neutrino field doublet n1 given by (28) is related to the flavor left-handed
neutrino doublet νL given by (20) by mean of
νL = ULn1. (35)
Without a lost of generality, we can change the phases of the flavor left-handed neutrino
fields by means of νeL → exp{−
iδ1
2
}νeL and νµL → exp{−
iδ2
2
}νµL . Thus there is just a phase
exp{− iαL
2
} that can not be eliminated. So the matrix U can be rewritten as
UL =
1√
1 + Λ2L

ΛL e− iαL2
−1 ΛLe
−
iαL
2

 . (36)
Now the diagonalization of the mass matrix (31) given by
MDL = U
†
LMLUL = diag(m1, m2), (37)
is valid for
ΛL =
mνµL −mνeL +RL
2mνeLνµL
, with R2L = (mνeL −mνµL )
2 + 4m2νeLνµL
, (38)
and thus the neutrino fields with definite masses ν1 and ν2 have respectively the following
masses
m1 =
1
2
(mνeL +mνµL − RL), (39)
m2 =
1
2
(mνeL +mνµL +RL)e
−iαL . (40)
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We observe that in the expression form2 appears the factor exp{−iαL} which suggest that
this mass could be complex. However the diagonalization given by (37) is not completely
right because ML is a symmetric matrix. So from (37) the diagonalization should be of the
form
M2DL = U
†
LM
†
LMLUL, (41)
where we have considered that this matrix is hermitic, i. e. M2L ≡ M
†
LML. So the values m1
and m2 are the quadratic roots of the eigenvalues of M
2
L. This last result implies that these
eigenvalues can be multiplied by a complex phase.
The expression (35) gives the mixing of the flavor neutrino fields in terms of the neutrino
fields with definite masses. The neutrino fields with definite masses ν1 and ν2 obey Majorana
field equations of the form
iσ¯µ∂µν1 = −im1σ2ν
∗
1 , (42a)
iσ¯µ∂µν2 = −im2e
−iασ2ν
∗
2 . (42b)
With the purpose of eliminating the phase αL from the last equation of motion, we can
make the following phase transformation ν2 → exp{−
iαL
2
}ν2. Now the unitary matrix can
be written as
UL =
1√
1 + Λ2L

ΛL e−iαL
−1 ΛLe
−iαL

 . (43)
We observe that the phase exp{−iαL} was eliminated from the last equation of motion but
not from the unitarian matrix Ul. So it proves that this phase is physical and should be
involved in some processes. This phase could play an important role in the case of doublet
beta decay process.
Following a similar procedure for the right-handed Majorana neutrinos, we find that the
definite-mass neutrino field doublet n2 given by (28) is related to the flavor right-handed
neutrino doublet νcR given by (20) by mean of
νcR = URn2, (44)
where the unitary matrix UR is given by
UR =
1√
1 + Λ2R

ΛR e−iαR
−1 ΛRe
−iαR

 . (45)
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where ΛR is given by
ΛR =
mνcµR −mν
c
eR
+RR
2mνceRν
c
µR
, with R2R = (mνceR −mν
c
µR
)2 + 4m2νceRν
c
µR
. (46)
Next we consider the canonical quantization of the neutrino fields with definite mass
by stating the anticonmutation relations given by
{
νˆa(~r, h), νˆ
†
b(~r
′, h′)
}
= δabδ
3(~r − ~r′),
{νˆa(~r, h), νˆb(~r
′, h′)} = 0 and
{
νˆ†a(~r, h), νˆ
†
b (~r
′, h′)
}
= 0, where a, b = 1, 2, 3, 4 represent neu-
trino mass states. Each one of the definite-mass neutrino field operators νˆa(x) obeys a
Majorana equation. It is possible to expand each one of these field operators on a plane-
wave basis set as was shown in (17)
νˆa(x) =
∫
d3p
(2π)3/2(2Ea)1/2
∑
h=±1
[√
Ea − h |~p| aˆa(~p, h)χ
h(~p)e−ip·x
−h
√
Ea + h |~p| aˆ
†
a(~p, h)χ
−h(~p)eip·x
]
, (47)
where E2a = |~p|
2 +m2a is the energy of the neutrino field with definite mass which is tagged
by a = 1, 2, 3, 4.
The flavor neutrino field operators tagged by νˆα are defined as superposition of the
definite-mass neutrino field operators νˆa given by (47) through the expression
νˆα(x) =
∑
a
Uαaνˆa(x), (48)
where U is the unitarian matrix defined by (43) for left-handed neutrinos and by (45) for
right-handed neutrinos, meanwhile neutrino flavor states |να〉 are defined in terms of the
neutrino mass states |νa〉 as
|να〉 =
∑
a
U∗αa |νa〉 . (49)
Thus we have found a relation between neutrino flavor states and neutrino mass states
using operator fields. As flavor states are physical states since they could be detected in
interaction processes, flavor states are non-stationary. So their temporal evolution gives
the probability of transition between them. Therefore, this probability describes Majorana
neutrino oscillations studied as follows.
V. LEFT-HANDED NEUTRINO OSCILLATIONS
Now we will focuss our interest in the description of left-handed neutrino oscillations in
vacuum from a cinematical point of view. For this reason we will not consider in detail the
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weak interaction processes involved in the creation and detection of left-handed neutrinos.
However, these processes are manifested when boundary conditions are imposed in the
probability amplitude of transition between two neutrino flavor states. We suppose that a
neutrino with a specific flavor is created in a point of space-time xµ0 = (t0, ~r0) as a result
of a certain weak interaction process. We will determine the probability amplitude to find
out the neutrino with another flavor in a different point of space-time xµ = (t, ~r). We
assume that neutrinos are created under the same production process with different values
of energy and momentum. These dynamical quantities are related among themselves under
the specific production process.
The initial left-handed neutrino flavor state in the production time (t0) corresponds to
the following superposition of neutrino mass states
|νL(t0)〉 = A |ν1〉+B |ν2〉 . (50)
where |A|2 + |B|2 = 1. Each of these neutrino mass states has associated a specific four-
momentum. We assume that in the production point it was created a left-handed electronic
neutrino with each massive field having a four-momentum given by pµa = (Ea, ~pa), with a =
1, 2. The initial left-handed electronic neutrino state satisfying the condition |A|2+ |B|2 = 1
is written as
|νL(t0)〉 =
∑
h=±1
ΛL√
1 + Λ2L
|ν1〉+
e−iαL√
1 + Λ2L
|ν2〉 , (51)
where the sum over helicities is taken over the neutrino mass states. This sum over helicities
must be considered to describe appropriately the initial left-handed neutrino flavor state
because the helicity is a property which is not directly measured in the experiments. The
manner as the electronic left-handed neutrino state has been built in the production point
is in agreement with the experimental fact that left-handed neutrinos are ultra-relativistic.
The neutrino mass states involve in the superposition given by (51) are obtained from
the vacuum state as |νa〉 = e
ipax0aˆ†a(~pa, h) |0〉, where we have included the phase factor
exp{ipax0}. This phase factor gives us information about the four-space time where the
left-handed neutrino was created. The probability amplitudes for transitions to electronic
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and muonic left-handed neutrinos are respectively given by
νeL(X) ≡ 〈0| νˆeL(x) |νL(t0)〉
=
1
(2π)3/2
∑
h

 Λ
2
L
1 + Λ2L
√
E1 − h |~p|1
2E1
e−ip1Xχh(~p1) +
1
1 + Λ2L
√
E2 − h |~p|2
2E2
e−ip2Xχh(~p2)

 ,
(52)
νµL(X) ≡ 〈0| νˆµL(x) |νL(t0)〉
=
1
(2π)3/2
∑
h

− ΛL1 + Λ2L
√
E1 − h |~p|1
2E1
e−ip1Xχh(~p1) +
ΛL
1 + Λ2L
√
E2 − h |~p|2
2E2
e−ip2Xχh(~p2)

 ,
(53)
where we have used some expansions over the Majorana fields and we have taken X ≡
x − x0 which corresponds to a four-vector associated to the distance and time of neutrino
propagation. The probability densities ρναL(X) = |ναL(X)|
2 respectively are
ρνeL(X) =
1
(2π)3
1
(1 + Λ2L)
2
×{
1 + Λ4L +
Λ2L
(E1E2)1/2
∑
h
√
(E1 − h |~p|1)(E2 − h |~p|2)
−
(2ΛL)
2
2(E1E2)1/2
∑
h
√
(E1 − h |~p|1)(E2 − h |~p|2) sin
2
(
p1 − p2
2
X
)}
, (54)
ρνµL(X) =
1
(2π)3
1
(1 + Λ2L)
2
×{
2Λ2L −
Λ2L
(E1E2)1/2
∑
h
√
(E1 − h |~p|1)(E2 − h |~p|2)
+
(2ΛL)
2
2(E1E2)1/2
∑
h
√
(E1 − h |~p|1)(E2 − h |~p|2) sin
2
(
p1 − p2
2
X
)}
, (55)
where we have taken into account that spinors χh(~p1) and χ
h(~p2) are the same because
vectors ~p1 and ~p2 are co-linear. The probability densities (54) and (55) that we have found
present a serious problem. If we fix X = 0 into (54) and (55) we find that
ρνeL(X = 0) =
1
(2π)3
1
(1 + Λ2L)
2
{
1 + Λ4L +
Λ2L
(E1E2)1/2
∑
h
√
(E1 − h |~p|1)(E2 − h |~p|2)
}
,
(56)
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ρνµL(X = 0) =
1
(2π)3
1
(1 + Λ2L)
2
{
2Λ2L −
Λ2L
(E1E2)1/2
∑
h
√
(E1 − h |~p|1)(E2 − h |~p|2)
}
, (57)
and we observe that the probability density (57) can be different from zero, i. e. it can
exist a muonic neutrino in the production point which disagrees with the initial conditions.
The origin of this problem is related to the weak state definition (49) that we have used
before. As it was previously mentioned into the introduction, the flavor definition (49) is
not complectly consistent and it is necessary to define appropriate flavor states [22].
A. Ultra-relativistic limit: Left-handed neutrino oscillations
This problem can be solved by taking an approximation in the probability densities (54)
and (55) based on the fact that left-handed neutrinos are ultra-relativistic particles because
their masses are very small. Here we consider energy and momentum different for every
mass state. In general we can write
|~p|2a = E
2 − ξm2a + ζm
4
a, (58)
E2a = E
2 + (1− ξ)m2a + ζm
4
a, (59)
where the parameters ξ and ζ are determined in the production process and E is the energy
for the case in which neutrinos were massless. For instance, for the pion decay process we
have
E =
mπ
2
(
1−
m′2µ
m2π
)
, (60)
ξ =
1
2
(
1 +
m′2µ
m2π
)
, ζ =
1
4m2π
, (61)
where m′µ is the muon mass and mπ is the pion mass. Because for the ultra-relativistic limit
ma → 0, we can approximate the expressions (58) and (59) to
|~p|a ≈ E − ξ
m2a
2E
, (62)
Ea ≈ E + (1− ξ)
m2a
2E
. (63)
Now it is possible to prove that the right side of the relation
1
2(E1E2)1/2
∑
h=±1
√
(E1 − h |~p|1)(E2 − h |~p|2) ≈ 1−
(m1 −m2)
2
8E2
, (64)
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can be approximated to the unit because (δm12/E)
2 ≈ 0, where δm12 = m1 −m2. On the
other hand, neutrino propagation time T is not measured in neutrino experiments [3, 9, 16].
In this kind of experiments is measured the distance L between the neutrino source and the
detector. By this reason, it can be possible to find a analytical expression that establishes
a relation between T and the propagation distance L =
∣∣∣~L∣∣∣. In our approach using plane
waves, for the ultra-relativistic limit we can write
L ≈ T. (65)
This relation implies that the propagation distance and the propagation time for neutrinos
are approximately equal because in the ultra-relativistic limit a neutrino mass state has a
mass too small and its velocity of propagation vk is approximately equal to speed velocity
c = 1, i. e. vk ≈ 1. However, a most precise relation between L and T must be described by
an expression that should include explicitly the velocities of the two neutrino mass states
involved in such a way that this expression for the ultra-relativistic limit should lead to (65).
So for the ultra-relativistic limit the probability densities (54) and (55) can be written as
ρνeL(L) =
1
(2π)3
{
1−
(
2ΛL
1 + Λ2L
)2
sin2
(
∆m212
4E
L
)}
, (66)
ρνµL(L) =
1
(2π)3
(
2ΛL
1 + Λ2L
)2
sin2
(
∆m212
4E
L
)
, (67)
where we have used L ≈ T and ∆m212 ≡ m
2
1−m
2
2. Under this approximation it is clear that
these probability density does not depend from the production process due to that there
is no dependence from ξ. Thus these probability densities satisfy the boundary conditions
that we have imposed.
In the next we will prove that the probability densities (66) and (67) have the form of
the standard probability densities for neutrino oscillations. In the context of the standard
formalism of neutrino oscillations (assuming CP conservation), for the two generation case
considering here, the representation of the unitary matrix UL that appears into the expression
(35) is given by [28]
UL =

 cos θL sin θL
− sin θL cos θL

 , (68)
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where θL is the mixing angle. If we compare the unitary matrix given by (43) with the one
given by (68), we observe that cos θL = ΛL/(
√
1 + Λ2L) and then it is very easy to obtain
that
sin 2θL =
2ΛL
1 + Λ2L
. (69)
Substituting (69) into (66) and (67), we obtain the expressions
ρνeL(L) =
1
(2π)3
{
1− sin2(2θL) sin
2
(
∆m212
4E
L
)}
, (70)
ρνµL(L) =
1
(2π)3
sin2(2θL) sin
2
(
∆m212
4E
L
)
, (71)
which are the standard probability densities for left-handed neutrino oscillations in the two
flavor case [28].
VI. RIGHT-HANDED NEUTRINO OSCILLATIONS
The initial right-handed neutrino flavor state in the production time (t0) corresponds to
the following superposition of neutrino mass states
|νc(t0)〉 = C |ν3〉+D |ν4〉 . (72)
where |C|2 + |D|2 = 1. Each of these neutrino mass states has associated a specific four-
momentum. We assume that in the production point it was created a right-handed electronic
neutrino with each massive field having a four-momentum given by pµa = (Ea, ~pa), with a =
3, 4. The initial right-handed electronic neutrino state satisfying the condition |C|2+|D|2 = 1
is written as
|νcR(t0)〉 =
∑
h=±1
ΛR√
1 + Λ2R
|ν3〉+
e−iαR√
1 + Λ2R
|ν4〉 , (73)
where the sum over helicities is taken over the neutrino mass states.
The probability amplitudes for transitions to electronic and muonic right-handed neutri-
nos are respectively given by
νceR(X) ≡ 〈0| νˆ
c
eR(x) |ν
c
R(t0)〉
=
1
(2π)3/2
∑
h

 Λ
2
R
1 + Λ2R
√
E3 − h |~p|3
2E3
e−ip3Xχh(~p3) +
1
1 + Λ2R
√
E4 − h |~p|4
2E4
e−ip4Xχh(~p4)

 ,
(74)
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νcµR(X) ≡ 〈0| νˆ
c
µR
(x) |νcR(t0)〉
=
1
(2π)3/2
∑
h

− ΛR1 + Λ2R
√
E3 − h |~p|3
2E3
e−ip3Xχh(~p3) +
ΛR
1 + Λ2R
√
E4 − h |~p|4
2E4
e−ip4Xχh(~p4)

 .
(75)
The probability densities ρναR(X) =
∣∣νcαR(X)∣∣2 respectively are
ρνceR(X) =
1
(2π)3
1
(1 + Λ2R)
2
×{
1 + Λ4R +
Λ2R
(E3E4)1/2
∑
h
√
(E3 − h |~p|3)(E4 − h |~p|4)
−
(2ΛR)
2
2(E3E4)1/2
∑
h
√
(E3 − h |~p|3)(E4 − h |~p|4) sin
2
(
p3 − p4
2
X
)}
, (76)
ρνcµR(X) =
1
(2π)3
1
(1 + Λ2R)
2
×{
2Λ2R −
Λ2R
(E3E4)1/2
∑
h
√
(E3 − h |~p|3)(E4 − h |~p|4)
+
(2ΛR)
2
2(E3E4)1/2
∑
h
√
(E3 − h |~p|3)(E4 − h |~p|4) sin
2
(
p3 − p4
2
X
)}
, (77)
where we have taken into account that spinors χh(~p3) and χ
h(~p4) are the same because
vectors ~p3 and ~p4 are co-linear. The probability densities (76) and (77) that we have found
present a serious problem. If we fix X = 0 into (76) and (77) we find that
ρνceR(X = 0) =
1
(2π)3
1
(1 + Λ2R)
2
{
1 + Λ4R +
Λ2R
(E3E4)1/2
∑
h
√
(E3 − h |~p|3)(E4 − h |~p|4)
}
,
(78)
ρνµR(X = 0) =
1
(2π)3
1
(1 + Λ2R)
2
{
2Λ2R −
Λ2R
(E3E4)1/2
∑
h
√
(E3 − h |~p|3)(E4 − h |~p|4)
}
, (79)
and we observe that the probability density (79) can be different from zero.
A. Non-relativistic limit: Right-handed neutrino oscillations
This problem can be solved by taking an approximation in the probability densities (76)
and (77) based on the fact that right-handed neutrinos are non-relativistic particles because
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their masses are very large. By this reason, we take the non-relativistica approximation, i.
e. ma ≫ pa. So we have
Ea ≈ ma +
|~p|2a
2ma
. (80)
Therefore, we suppose that heavy right-handed Majorana neutrinos obey simply the rela-
tivistic dispersion relation. So we obtain the following approximation
1
2(E3E4)1/2
∑
h=±1
√
(E3 − h |~p|3)(E4 − h |~p|4) = 1 +
v3v4
2
−
1
8
(v23 + v
2
4)(v3 + v4)
2 + · · · ,
(81)
where the non-relativistic velocity of the neutrino is vi ≡
|~p|i
mi
≈ 0, meanwhile the phase is
approximated to
(E3 − E4)T − (p3 − p4)L ≈ ∆m34T, (82)
with ∆m34 ≡ m3 −m4. So the probability densities of transition are given by
ρνc
eR
(T ) =
1
(2π)3
{
1−
(
2ΛR
1 + Λ2R
)2
sin2
(
∆m34
2
T
)}
, (83)
ρνcµR(T ) =
1
(2π)3
(
2ΛR
1 + Λ2R
)2
sin2
(
∆m34
2
T
)
, (84)
where ΛR is given by (46). The last probability densities satisfy the normalization and
boundary conditions. Unlikely to the case of left-handed neutrino oscillations described
by (54) and (55), the argument of the periodic function for the right-handed neutrino os-
cillations depends on the linear mass difference ∆m34 and the propagation time T . The
description of heavy right-handed neutrino oscillations that we present here could be of in-
terest in cosmological problems [29]. As it has been proposed in the literature, heavy-heavy
neutrino oscillations could be responsible for the baryon asymmetry of the universe through
a leptogenesis mechanism [30, 31]. But it should be noted that if the propagation of heavy
right-handed neutrinos is considered as superpositions of mass-eigenstate wave packets [23],
then the oscillations do not take place because the coherence is not preserved: in other words,
the oscillation length is comparable or larger than the coherence length of the right-handed
neutrino system [23].
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VII. CONCLUSIONS
In this work we have studied neutrino oscillations in vacuum between two flavor states
considering neutrinos as Majorana fermions. We have performed this study for the case
of flavor states constructed as superpositions of mass states extending the Sassaroli model
which describes Majorana neutrino oscillations by considering neutrino mass states as plane
waves with specific momenta. In the context of a type I seesaw scenario which leads to get
light left-handed and heavy right-handed Majorana neutrinos, the main contribution of this
work has been to obtain in a same formalism the probability densities which describe the
oscillations for light left-handed neutrinos (ultrarelativistic limit) and for heavy right-handed
neutrinos (non-relativistic limit). In this work we have performed the canonical quantization
procedure for Majorana neutrino fields of definite masses and then we have written the
neutrino flavor states as superpositions of mass states using quantum field operators. We
have calculated the probability amplitude of transition between two different neutrino flavor
states for the light and heavy neutrino cases and we have established normalization and
boundary conditions for the probability density. After the ultra-relativistic limit was taken
in the probability densities for the left-handed neutrino case lead to the standard probability
densities which describe light neutrino oscillations. For the right-handed neutrino case, the
expressions describing heavy neutrino oscillations in the non-relativistic limit were different
respect to the ones of the standard neutrino oscillations. However, the right-handed neutrino
oscillations are phenomenologically restricted as is shown when the propagation of heavy
neutrinos is considered as superpositions of mass-eigenstate wave packets [23].
This work establish a framework to study Majorana neutrino oscillations for the case
where mass states are described by Gaussian wave packets as will be presented in a forth-
coming work [32]. The wave packet treatment is necessary owing to the neutrinos are
produced in weak interaction processes without a specific momenta. Additionally the plane
wave treatment can not describe production and detection localized processes as occur in
neutrino oscillations.
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